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BEYOND THE FRIEDMANN-LEMAITRE-ROBERTSON- WALKER BIG 

BANG SINGULARITY 

CRISTI STOICA 

Abstract. Einstein's equation, in its standard form, breaks down at the Big Bang sin- 
gularity. A new version, equivalent to Einstein's whenever the latter is defined, but appli- 
cable in wider situations, is proposed. The new equation remains smooth at the Big Bang 
singularity of the Friedmann-Lemaitre-Robertson- Walker model. It is a tensor equation 
defined in terms of the Ricci part of the Riemann curvature. It is obtained by taking the 
Kulkarni-Nomizu product between Einstein's equation and the metric tensor. 
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Introduction 



\L} The Friedmann-Lemaitre-Robertson- Walker (FLRW) spacetime represents, in confor- 

^ mity with General Relativity, the universe at very large scale, where it is assumed to be 

^ homogeneous and isotropic (HEIEHUEIIHIITIIH]. At the Big Bang, it exhibits a singularity, 

>■ considered a breakdown of General Relativity [9l UHl [HI [El US [E] . There the tensors in- 

K> volved in the Einstein equations diverge. It was hoped that this problem is a consequence 

5^ of the high symmetry of the FLRW solution, and it disappears in real-life situations, but it 

turned out that is the norm, rather than the exception, as Hawking's singularity theorem 
shows [IS1[IS1III]. 

In this paper we will see that, although Einstein's equation in its standard form breaks 
down at the Big Bang singularity in the FLRW model, it can be rewritten in a form which 
doesn't break down: 

{G O 5()„5cd + Mg ° g)abcd = K,{T O g)abcd- 

This form is equivalent to the standard form where the metric is not singular, but in 
addition extends smoothly at the singularities. Like Einstein's equation, this new equation 
is tensorial, but instead of being expressed in terms of the Ricci tensor (of second order), 
it involves the Ricci part of the Riemann curvature tensor (of order 4). It is obtained by 
taking the Kulkarni-Nomizu product (^ between Einstein's equation and the metric tensor. 
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The proposed new version of Einstein's equation extends naturally and smoothly beyond 
the Big Bang singularity of the FLRW model, and it is based solely on standard General 
Relativity, without any modifications. 

In section ^we review briefly the fact that in the FLRW model, Einstein's equation blows 
up. In ^ we introduce the expanded version of Einstein's equation, which is equivalent to 
the latter at the points where the metric is non-singular, but it is more general. Section ^ 
contains the central result, a theorem showing that the new equation is smooth everywhere, 
including at the Big Bang singularity. Section ^ discusses some properties of the proposed 
equation and solution. We conclude with some observations and implications in ^ 

1. FLRW Big-Bang singularity 

Let / C M be an interval representing the time, with the natural metric — c^dt^. Let 
(E, (7s) be a three-dimensional Riemannian space, so that at any moment of time t G / the 
space is S^ = (S, a^(t)(7s), where a : / — )■ M is a function of time. The FLRW spacetime is 
/ X S, with the metric 

(1) ds^ = -cMt^ + a\t)dJ:^. 

To model the homogeneity and isotropy conditions at large scale, one may take the Rie- 
mannian three-manifold S to be one of the homogeneous spaces S^, M^, and H^. Then the 
metric on E is, in spherical coordinates {r,6,(f)), 

(2) dS^ = ^4^ + r' {de' + sin^ ed<p') , 

where k = 1,0,-1, for the 3-sphere S^, the Euclidean space M^, or hyperbolic space H^ 
respectively. 

If the universe is filled with a fluid with mass density p(t) and pressure density pit), the 
stress-energy tensor is 



(3) T'^' ={P+^) ""^' + P^" 



■ I u u -|- pc"" 

where g(u,u) = — c^. 

The mass density p{t) is determined from a{t) by the Friedmann equation 

(4) , ^ .-. (3^ - A 

and pressure density p{t) by the acceleration equation 

c^ KC^ \6 c^ a J 6 

Both these equations are consequence of the Einstein equation with the stress-energy tensor 
from equation ([s]). 

When a — )■ 0, the metric becomes degenerate, as we can see from equation ([2]). In the 
same time, equations (|4]) and (|5]) imply that both p and p blow up. Consequently, the 
stress-energy tensor ^ blows up too. But the expanded stress-energy tensor (T o g)ahai is 
smooth, as it is the expanded Einstein equation which we propose here. 

2. Einstein's equation expanded 
The Einstein equation 

(6) Gab + Afi'afe = I^Tah 
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involves the stress-energy tensor Tab of the matter, the cosmological constant A, and the 

constant k := — — , where Q and c are the gravitational constant and the speed of light. 
The Einstein tensor 

(7) Gab '■= Rab — ^Rdab, 

is obtained from the Ricci curvature Rab '■= g^'^RasU and the scalar curvature R := g^^Rst- 
The expanded Einstein equation is 

(8) {G O g)abcd + Ha O 9)abcd = f^{T O g)abcd 

where, for two symmetric bilinear forms h and k, 

(9) {h O k)abcd ■= hackbd - hadhc + hdkac - hckad 

denotes the Kulkarni-Nomizu product. 

So long as the metric g is non-singular, the Einstein equation and its expanded version 
are equivalent. But the expanded version ([s]) remains non-singular, and even smooth, in a 
wider rage of cases. In the example of the FLRW spacetime, the metric becomes degenerate 
(its determinant cancels), the Einstein tensor Gab becomes singular, but we will see that 
the Kulkarni-Nomizu product Gog tends to and cancels the blow up of the Einstein 
tensor. 

Explicitly, the expanded Einstein equation ([sl) can be rewritten as 



(10) '2Eabcd - ^Sabcd + H9 ° 3)abcd = l^{T O g)abcd, 

in terms of the scalar part 

(11) Sabcd = T^Rid ° 9)abcd 

and the semi-traceless part 

1 
2 
of the Riemann curvature, where 



(12) Eabcd = -^{S O g)abcd, 



(13) Sab '■— Rab — jRgab 

is the traceless part of the Ricci curvature. 

These tensors are well-known from the Ricci decomposition of the Riemann curvature 
tensor: 

(14) Rabcd = Sabcd + Eabcd + Cabcd, 

where Gabcd is the Weyl curvature tensor (see e.g. p ^ [T9 | 120]). 



The equation (10) is obtained from rtSj) and from 

1 
4 
because 



(15) Gab — Sab — -;Rgab, 



nQ\ {G O g)abcd = (So g)abcd - ^R{g O g)abcd 

= ^Eabcd ~ 'J^abcd- 



3. Beyond the FLRW Big-Bang singularity 

Theorem 3.1. For the FLRW metric ([I]), with a : / — )■ M a smooth function of time, 
the tensors Rated, Sated, and Eated are smooth, and consequently the expanded Einstein 
equation is smooth too, even when a{t) = 0. 



Proof. If we denote by Tat '■= i^Tat — Ag, 



ab. 
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Rat — Tat — 7^5'* T, 



2^ 



St 



;i7) 



nTat - Agat - -g^^Tstgat + ^Agat 



= l^\^P+ ^j UaUb + Upgat - - {-PC^ -p + 4p) gab + Agat 
P+ ^\ UaUt + - [pC^ - p) gat + Agat 

From equations Q, rtSj), and (17), we can see that the Ricci tensor has the form 

(18) Rat = a~'^(t)a{t)uaUb + a~^(t)l3(t)gat- 
where a{t) and /3(t) are smooth functions. Similarly, 

R = g'^ Rst 

(19) = K {-pc^ -p + 2pc^ - 2p) + 4A 

= K [pc^ - 3j9) + 4A 

and there is a smooth function 7(t) so that 

(20) R = a-2(t)7(t). 

We need to check that a~^(t) is compensated in Sated and Eatcd, so that a(t) appears to 
a non-negative power. 

Since the FLRW metric ([I]) is diagonal in the standard coordinates, each term in {gog)ated 
is of the form gaaQtt, with a ^ h. This means that at least a y^ t or b ^ t holds, and from 
([I| we conclude that gaaQtt contains a{t) at least to the power 2. Therefore, the scalar part 
of the Riemann curvature. Sated, is smooth. 

For the same reason, the Kulkarni-Nomizu product between the metric tensor and the 



term a '^{t)P{t)gat from the expression of the Ricci curvature (18) is smooth. 



The only term from (18) we have to check that is smoothened by the Kulkarni-Nomizu 
product with g is a~'^(t)uaUb. Since Ua = gasU'^ and g is diagonal, it follows that Ua = gaau"" 
(without summation). If 6 7^ t (a 7^ t is similar), then ut = gttu^ contains the needed a?{t). 
In the case when a = b = t, a~'^{t)utUt is not necessarily smooth, but in the Kulkarni- 
Nomizu product it will appear only in terms of the form a~^{t)utUtgce, with c ^ t. Hence, 
Ric o g is smooth. From this and from the smoothness of Sated, it follows that Eated is also 
smooth. 

One of the properties of the FLRW metric is that it is conformally flat, that is, Catcd = 0. 
From this it follows that Rated = Sated + Eated is smooth too. D 

4. Properties of the proposed equation 
4.1. Conservation of energy. The conservation of energy is usually put in the form 

(21) — a^p = 3a^dp H — ^a^dp, 

which remains valid even when the volume a^ — )■ 0. 
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4.2. The metric is parallel. It is known that if the metric tensor is regular, its covariant 
derivative vanishes, gab;c = 0. For our solution, this is true so long as a(t) ^ 0. But if 
a = 0, the metric is degenerate, and we have to check that gah-^c = 0. 
The metric being diagonal, its Christoffel symbols of the first kind, 

(22) ^ahc = - {9hc,a + 9ca,h — 9ah,c) 

which don't vanish are either of the form 

X^"^) ■'- aaa ~^Qaa^a 

or, for a ^h, 

(24) Taab = —-^gaa,b 

or 

\^^) '- aba '- baa ~^9aa,b 

Consequently, the Christoffel symbols of the second kind, 
(26) Tl^ = g^'- {gbs,a + gsa,b - gab,s) 



2 



are of the form 



(27) r^, ^ ^' 



aa 



or, for a j^ b, 

(28) r 



aa 



or 



2 gaa 
-L 9aa,b /.\ 

1 9aa,b , 



(29) t:, = TI ----,: J 

^ gaa 

where (!) means "no summation over the repeated indices". 

It follows that the covariant derivative introduces in the worst case a division by a^(t). 
The covariant derivative of the metric tensor is 

(30) gab;c = gab,c " '^bc9as — ^ac9sb- 

Obviously gab,c is smooth, because gab is smooth. From the other terms, the only ones 
involving non- vanishing Christoffel symbols are of the form V^^gaa, ^bb9aa, and V^^^gaa, 
without summation. Whenever F^^ involves a{t) to a negative power, which can only be 
1 or 2, this is compensated by gaa, which contains a^(t). It follows that the covariant 
derivative of the metric tensor is smooth, and by continuity is zero even when the metric 
becomes degenerate (at a(t) = 0): 

(31) gab;c = 0. 
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4.3. The Bianchi identity. We will show that the Rieinann curvature tensor satisfies the 
Bianchi identity 

(32) R{abc)d;e = 0. 

Given that it holds at all the points for which a{t) 7^ 0, where the metric is regular, it 
also holds by continuity at a{t) = 0. But we need to check that the covariant derivatives 
(Ric o g)abcd;e are smooth, because if the Bianchi identity would be between infinte values, 
there would be no continuity. 

Since the Weyl part of the Riemann curvature Cabcd = in the FLRW spacetime, and 



from the equations (18) and (20), it follows that Rabcd has the following form: 

(33) Rabcd = a~'^{t)^i{t) {{u ®u)o g)^^^^ + a~'^{t)v{t){g o g)abcd, 

where the functions /i(t) and z/(t) are smooth. 

Let's denote by hij, 1 < 'i,j < 3, the metric on S. Then gij = a?{t)hij. Given 
that our frame is comoving with the fluid, Wt = 1, and Mj = for all i. The only 
terms a~'^(t)fi(t) ((m ® m) o f?)^^^^ which don't vanish by containing Mj = are of the form 
a~'^{t)fi{t)utUtgii. The covariant derivatives with respect to t cancel one another in the 



Bianchi identity under the permutation, because the index t is repeated. So we check now 

j {a~'^(t)^{t)utUtgii), where i 7^ j. But Vj 



those terms of the form Vj (a '^(t)^{t)utUtgii), where i 7^ j. But Vj (a "^ {i) ^{t)utUtg, 



a {t)iJ,{t)utUtgii-j = 0, because only gu depends on the spacelike direction x^ , and because 



the metric tensor is parallel (31). 



The terms a {t)iy{t){g o g)abcd can only be of the form a {t)i'{t)gaagbb, a ^ h. Since 
Vi{a~^{t)u(t)gaagbb) = a~^(t)u(t){gaa-igbb + gaagbb;i) = 0, it follows that the covariant 
derivatives with respect to i vanish. We check now thosw with respect to t. If either the in- 
dex a or 6 is equal to t, then the cyclic permutation involved in the Bianchi identity vanishes. 
Then the only remaining possibility is Vt {a'"^ {t)u{t)giigjj) . But V* {a^"^ {t)u{t)giigjj) = 
—2a{t)a~^ {t)u{t)giigjj + a~^{t)i'(t)giigjj = —2d{t)a{t)u{t)hiihjj + a^{t)i'{t)hiihjj, which is 
smooth. 

Hence, the Bianchi identity makes sense even at the singularity a{t) = 0. 

4.4. Action principle. Shortly after Einstein proposed his field equation, Hilbert and Ein- 
stein provided a Lagrangian formulation. The Lagrangian density which leads to Einstein's 
equation with matter given by Cy/—g and cosmological constant A is 

(34) ^ {RV^ - 2Av/=^) + £v^. 

In our case, the scalar curvature is singular at a{t) -^ 0. But this doesn't affect the 
Lagrangian density, since the density R\/—g is smooth [21]. Given that our expanded 
Einstein equation (Isj) is equivalent to Einstein's its solutions are extremals of the action 



given by (34). 



5. Conclusions 

The new form of Einstein's equation extends uniquely beyond the Big Bang singularity, 
as it is represented schematically in Figure [l] 

An alternative solution was proposed in [2^, where the Einstein equation was replaced 
with a densitized version 

(35) GabV-g + ^QabV-g = KTab\f^- 

This version is expressed in terms of tensor densities of weight 1, which appear naturally 
from the Lagrangean. 




Figure 1. Schematic representation of a generic FLRW spacetime. The solutions 
of the new equation can be continued naturahy before the Big Bang. 



The FLRW spacetime is an ideal one, based on the assumptions of the cosmological 
principle (that it is homogeneous and isotropic). But the extension proposed here opens 
new possibihties to explore. 

Singularities which are of the type studied here, having the Riemann curvature tensor 
Rabcd smooth, and admitting smooth Ricci decomposition, are in fact more general. In 
[22j the Schwarzschild singularity is put in a form in which has these properities, by an 
appropriate coordinate change. This, and similar results on the Reissner-Nordstrom sin- 
gularity [23] suggests that we should reconsider the information loss [27]. More general 
cosmological models, which are neither homogeneous nor isotropic, are studied in [25], and 
shown to admit a smooth Ricci decomposition, and satisfy the Weyl curvature hypothesis 
[21j . Implications suggesting to reconsider the the problem of quantization are presented 
in [261 |2H]. 
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